The phase noise of quantum dot lasers is investigated theoretically by coupling the Langevin noise sources into the rate equations. The o↵-resonant populations in the excited state and in the carrier reservoir contribute to the phase noise of ground-state emission lasers through the phase-amplitude coupling e↵ect. This e↵ect arises from the optical-noise induced carrier fluctuations in the o↵-resonant states. In addition, the phase noise has low sensitivity to the carrier scattering rates. Smowton, and H. Liu, "Electrically pumped continuous-wave III-V quantum dot lasers on silicon," Nature Photon.
Introduction
With the increasing demand of transmission capacity in optical communication systems, coherent communication technology has been attracting intensive studies [1] . The coherent system can restore both the amplitude and the phase information of optical signals, while it is sensitive to the phase (frequency) noise of both transmitters and local oscillators, which strongly a↵ects the bit error rates at the receiver [2, 3] . Therefore, developing low-noise semiconducor laser sources has become a crucial endeavor. The phase noise of semiconductor lasers is often quantified by the optical linewidth. Commercial quantum well (Qwell) lasers usually exhibit optical linewidths of a few MHz. In order to reduce the optical linewidth to the kHz range, continuous e↵orts have been made by increasing the quality factor of the laser cavity, tailoring a specific grating structure, and reducing the spontaneous emission into the lasing mode [4] [5] [6] [7] . One alternative approach is to improve the active medium of semiconductor lasers through incorporating quantum dot (Qdot) structures. Qdot semiconductor lasers hold the promise to substitute their Qwell counterparts, owing to their superior characteristics such as low threshold current density [8, 9] , good temperature stability [10, 11] , high tolerance against optical feedback [12, 13] , as well as the ability of direct growth on silicon substrates [14] . In terms of optical linewidth, Su and Lester reported an InAs/GaAs Qdot laser with a narrow linewidth around 500 kHz [15] . Lu et al. demonstrated an InAs/InP Qdot laser with a linewidth less than 150 kHz [16] . Recently, a minimum linewidth of 110 kHz was achieved in an InP-based Qdot laser [17] . The linewidths of these Qdot lasers are about one order of magnitude smaller than those of Qwell lasers, which is desirable for applications in coherent communication systems.
On one hand, the phase noise in semiconductor lasers arises from the sponstaneous emission, which introduces the Schawlow-Townes linewidth v ST . On the other hand, the optical linewidth v OL is broadened by phase-amplitude coupling e↵ect, which is characterized by the linewidth broadening factor (LBF) ↵ [18, 19] :
Qwell lasers usually exhibit typical LBF values of 2.0 5.0 for both below-and above-threshold conditions [20] . In contrast, Qdot lasers exhibit a wide range of LBF values relying on the bias conditions and the various measurement techniques [21] [22] [23] [24] [25] [26] . Qdot lasers biased below the lasing threshold measured by the Hakki-Paoli method do exhibit near-zero LBFs [27, 28] . However, the above-threshold LBF of Qdot lasers measured by FM/AM method can be relatively high up to over 10 [29, 30] . On the other hand, there is no report on the LBF of Qdot lasers measured from the spectral linewidth yet, to the best of our knowledge [24] . In theory, Melnik and Huyet studied the LBF and the linewidth of Qdot lasers considering the free carrier plasma e↵ects in the carrier reservoir(RS) [31] . However, the contribution of populations in the excited state (ES) was not considered. In this work, we investigate the phase noise of Qdot lasers taking into account o↵-resonant populations both in the RS and in the ES. It is found that the ES dominates the contribution to the phase noise due to the stronger optical-noise induced carrier fluctuation than that in the RS. In addition, the phase noise of Qdot lasers has low sensitivity to the carrier capture and relaxation rates. Figure 1 illustrates the electronic structure of the Qdot laser, where charged electrons and holes are treated as neutral excitons [32] . The carriers are assumed to be directly injected into the two-dimensional carrier reservior (RS) from the electrodes. Some carriers in the RS are captured into the excited state (ES) of dots with a capture time ⌧ RS ES , which is determined by Auger-and phonon-assisted scattering processes [33, 34] . The carriers then relax from the ES to the ground state (GS) with a relaxation time ⌧ ES GS . On the other hand, some carriers will escape from the GS to the ES with an escape time ⌧ GS ES , and from the ES to the RS with an escape time ⌧ ES RS through thermal excitations. The stimulated laser emission is operated on the GS only. It is noted that the model ignores the carrier transport process through the three-dimensional separate confinement heterostructure (barrier) as well as the direct carrier capture channel from the RS to the GS [35, 36] . Based on the schematic in Fig. 1 , the rate equations describing the dynamics of the carrier numbers N RS, ES,GS , the photon number S, and the phase of the electrical field for the Qdot laser are given by [37] :
Rate equation model of Qdot lasers
where I is the pump current, ⌘ is the current injection e ciency, q is the elementary charge, s p is the spontaneous emission factor, ⌧ s pon RS, ES,GS are the spontaneous emission times, ⌧ p is the photon lifetime, p is the optical confinement factor, and v g is the group velocity of light. The gain of each state is respectively expressed as [38] 
where a RS, ES,GS are the di↵erential gains, ⇠ is the gain compression factor, V S is the volume of the laser field inside the cavity, N B is the toal number of dots, V B is the volume of the active region, D RS is the total number of states in the RS, and V RS is the volume of the RS [39] . ⇢ GS, ES, RS are the carrier occupation probabilities in the GS, the ES, and the RS, which are given by
, and
, respectively. In Eq. (6), ↵ GS is the contribution of the GS carriers to the LBF, and the coe cients k ES, RS are defined as [37, 40] 
where E GS, ES, RS are the state energies and T 2 is the polarization dephasing time. The spontaneous emission noise of the laser light is taken into account through the Langevin noise sources F S (t) to the photon number in Eq. (5) and F (t) to the phase in Eq. (6), respectively [41] . The auto-and cross-correlations of the two noise sources are
with the correlation variances being
It has been well established that the random carrier generation and recombination noises have little contribution in comparison with the spontaneous emission noise in Qwell lasers [41] [42] [43] . This is because that the carrier fluctuation is mainly induced by the photon variation (due to spontaneous emission noise) through the stimulated emission process, which is much stronger than the carrier noise e↵ect [44] . Therefore, we believe that the carrier noises also have negligible contribution in Qdot lasers, and thus are not considered in Eqs. (2)- (4). On the other hand, this will be studied in details in the future work. In addition to the above quantum noises, excessive flicker noises at low frequencies (usually less than 1.0 MHz) broaden the spectral linewidth as well [45] , and its relation with the spectral lineshape can refer to [46] . However, the discussion of the flicker noises is beyond the scope of this article, which does not a↵ect the conclusions.
Results and discussion
Using the above rate equation model, we study the frequency noise (FN) characteristics of an InAs/InP Qdot laser [38] . The material and optical parameters of the laser used in the simulations are listed in Table 1 . Through a standard small-signal analysis of rate equations (2)- (6) with perturbation sources of the Langevin noises F S (t) and F (t), we obtain the the phase variation of the laser field (t)= (!) e j!t , with (!) being the phase variation in the frequency domain and ! being the angular frequency [20] . The FN spectrum of the Qdot laser is then calculated by Figure 2(a) shows the double-sided FN spectra of the Qdot laser at pump currents 1.2⇥, 1.6⇥, and 2.8⇥ I th , with the lasing threshold at I th = 49 mA. The FN exhibits a pronounced peak around the relaxation resonance frequency f R . The peak amplitude reduces at a high pump current due to the increase of the damping factor [20] . At frequencies beyond the resonance peak, the FN decreases to a constant level, which is solely determined by the spontaneous emission. Therefore, the full width at half maximum (FWHM) of the Schawlow-Townes linewidth is expressed as v ST = 2⇡F N | f>> f R with ! = 2⇡ f [44] . On the other hand, the FN spectrum below the resonance frequency is determined by not only the spontaneous emission but also the carrier fluctuations through the phase-amplitude coupling e↵ect, and thus the total optical linewidth is given by v OL = 2⇡F N | f<< f R [44] . Based on the above relations, Fig. 2(b) shows both v OL (closed circles) and v ST (open circles) as a function of the pump current. As expected, both linewidths decrease with the increased pump current owing to the enhanced output power. It is remarked that the flicker noises, the spectral hole burning and the carrier heating e↵ects can lead to a linewidth floor or a re-broadening with increasing power in both Qwell and Qdot lasers [15, 47] .
It is noted that the relation of the linewidths and the LBF in Eq. (1) is not only suitable for conventional bulk and Qwell lasers, but also for Qdot lasers. Therefore, the LBF of the Qdot laser can be obtained from both linewidths in Fig. 2(b) . In this way, the closed circles in Fig. 3(a) present the extracted LBFs, which include the contribution of populations in the GS, the ES, and the RS. It shows that the LBFs slightly increase with the bias current from 0.76 at 1.1⇥ I th to 0.81 at 3.6⇥ I th . The triangles point out that the population in the RS has negligible contribution to the LBF, and hence to the phase noise of the Qdot laser. In contrast, the population in the ES dominates the contribution, and increases the LBF by more than 50% from that introduced by the resonant GS (squares). In comparison, the LBFs (open circles) calculated from the FM/AM method (see [37] in details) significantly increase from 0.79 to 1.1, which are larger than the LBFs obtained from the linewidth. This is in agreement with the observation in [31] . It means that a Qdot laser may simultaneously exhibit a narrow spectral linewidth (low LBF value from the linewidth) as discussed in the introduction, while produces a large frequency chirp (high LBF value from the FM/AM method) under direct current modulation [48] . In order to understand the above behaviours in Fig. 3(a) , we can derive the analytical formula of the Qdot laser's LBF through the noise-induced phase ( ) and gain ( g GS ) variations using the small-signal analysis [37] :
where
is the di↵erential gain of the GS considering the gain compression e↵ect, Figure 3(b) shows that the optical-noise induced carrier fluctuation in the ES (circles) is similar to that in the GS, which can be attributed to the strong coupling between the two states of small energy separation (50 meV). In contrast, the fluctuation in the RS (triangles) is more than 20 dB weaker resulting from the large energy separation (150 meV). This leads to the dominating contribution of the ES and the negligible contribution of the RS to the LBF in Fig. 3(a) . It is apparent that the LBF can be reduced by enlarging the energy separation between the GS and the o↵-resonant states, which decreases both the carrier fluctuations and the coe cients k ES, RS . It is remarked that the carrier fluctuations in InAs/GaAs Qdot lasers can be di↵erent due to the stronger confinement of electrons and the weaker confinement of holes [49] .
The carrier capture rate from the RS to the ES, and the relaxation rate from the ES to the GS have been demonstrated to have significant influences on the dynamics of Qdot lasers, such as the modulation response, the frequency chirp, as well as the nonlinear laser dynamics [50] [51] [52] . Figure 4 shows the impact of the relaxation time on the linewidths [ Fig. 4(a) ] and on the LBF [ Fig. 4(b) ], where the capture time is kept as ⌧ RS ES = 2.17 ⇥ ⌧ ES GS . It is found that both the two linewidths and the LBF have little change for relaxation times below 10 ps. Beyond 10 ps, the slow relaxation rate increases the linewidths and the LBF due to the accumulation of carriers in the o↵-resonant states as well as the reduction of photons. In practice, the carrier scattering times are usually less than 10 ps above the lasing threshold. Therefore, the phase noise of Qdot lasers has low sensitivity to the carrier scattering rates. 
Conclusion
Based on the above discussions, Qdot lasers can exhibit a narrow spectral linewidth owing to the discrete density of states. In order to suppress the phase noise, one can not only employ techniques discussed in the introduction, but also reduce the LBF by proper quantum engineering of the Qdot states. A stronger (lateral) confinement of Qdots leads to a larger energy separation between the GS and the o↵-resonant states [53] [54] [55] . This reduces both the weighting coe cients k ES, RS and the o↵-resonant carrier fluctuations in Eq. (11), and therefore the phase noise of the Qdot laser is suppressed. In addition, the role of o↵-resonant states can be demonstrated by measuring the phase noises of Qdot lasers with di↵erent Qdot confinement energies.
In conclusion, we demonstrate the contribution of o↵-resonant populations in the ES and the in RS to the phase noise of Qdot lasers through the phase-amplitude coupling e↵ects. The ES dominates the contribution due to strong carrier fluctuations induced by the optical noise, while the influence of carriers in the RS is negligible owing to the large energy separation with the GS. Especially, the optical-noise induced LBF is smaller than the LBF induced by current modulation. In addition, it is found that the carrier scattering rates have little impact on the phase noise of Qdot lasers. These results are of great significance for the design of low-noise Qdot lases for applications in coherent communication systems and in radio-over-fiber networks. Future work will study the carrier noise contribution to the phase noise, and measure the phase noise spectrum of Qdot lasers in experiment to confirm the theoretical observations. In addition, Qdot lasers operated on the ES emission will be investigated as well, which are expected to exhibit even lower phase noise based on our previous work [38] . 
